A parity-conserving and Lorentz-invariant effective field theory of self-interacting massive vector fields is considered. For the interaction terms with dimensionless coupling constants the canonical quantization is performed. It is shown that the self-consistency condition of this system with the second-class constraints in combination with the perturbative renormalizability leads to an SU(2) Yang-Mills theory with an additional mass term.
I. INTRODUCTION
Vector mesons play an important role in the phenomenological description of hadronic processes (see, for example, Ref. [1] ). Phenomenological low-energy chiral Lagrangians with vector mesons were already constructed in the 1960s [2] [3] [4] . Details of the construction of chirally invariant effective Lagrangians describing the interaction of vector mesons with pseudoscalars and baryons can be found, e.g., in Refs. [5] [6] [7] [8] [9] [10] [11] [12] . Besides a knowledge of the most general effective Lagrangian, an effective field theory (EFT) program requires a systematic power counting. In Refs. [13, 14] it was shown how to consistently include virtual (axial-) vector mesons in EFT, if they appear only as internal lines in Feynman diagrams involving soft external pions and nucleons with small three-momenta. This is possible if a suitable renormalization condition such as the extended on-mass-shell renormalization scheme or the infrared renormalization is chosen (see also Refs. [15, 16] ). In this case the masses of the vector mesons are treated as a large scale. For energies for which the vector mesons can be generated, the problem of the power counting is solved by using the complex-mass renormalization scheme [17] [18] [19] [20] [21] [22] , which is an extension of the on-mass-shell renormalization scheme for unstable particles [23] . Finally, it would also be possible to consider an EFT with a heavy scale much larger than the masses of the vector bosons. For example, if the Higgs boson were never discovered then such an EFT would appear as a possible candidate for a theory of the (electro-)weak interaction.
A covariant Lagrangian formalism for massive vector fields entails a special feature: they are described by Lagrangians with constraints. The self consistency of a system with constraints imposes conditions on the form of the Lagrangian.
In Ref. [24] the effective Lagrangian of Ref. [4] describing the interaction among ρ mesons, pions, and nucleons was considered. Requiring the perturbative renormalizability in the sense of effective field theory [25] , the universality of the vector-meson coupling was derived. It has been argued [11, 26] that the effective Lagrangian of Ref. [4] is not the most general one because it starts with the Yang-Mills structure for the self-interacting part of the vector mesons and takes the coupling to the fermion doublet equal to the coupling of the vectormeson self interaction.
In this work we will close this gap. We start with the most general effective Lagrangian of a system of three interacting massive vector fields. In principle, the Lagrangian contains all interaction terms which respect Lorentz invariance, hermiticity, parity, and charge conservation. Assuming that the interaction terms with a higher number of derivatives and/or fields are suppressed by higher orders of some large scale we consider only interactions with dimensionless coupling constants. We analyze the quantization in the Hamilton formalism. To have a constrained system with the right number of degrees of freedom the determinant of the matrix of constraints should be non-vanishing. This nontrivial condition leads to relations among the coupling constants of the Lagrangian. Furthermore, demanding the perturbative renormalizability in the sense of EFT we arrive at additional consistency conditions for the parameters of the Lagrangian. As will be shown below, we are eventually led to the Yang-Mills structure incorporated in the effective Lagrangian of Ref. [4] .
II. LAGRANGIAN
We consider a system of three interacting massive vector fields respecting Lorentz invariance and parity conservation. We assume that two vector fields correspond to a pair of charged particles,
µ , is neutral. The most general effective Lagrangian respecting all given symmetries contains an infinite number of terms and can be split as
Here, L A refers to the free Lagrangian plus a finite number of interaction terms with dimensionless coupling constants, L B contains an infinite number of "non-renormalizable" interactions, and L C refers to interactions with other degrees of freedom. In this work we only treat the vector-meson self-interaction terms with dimensionless coupling constants, assuming that the "non-renormalizable" interactions are suppressed by powers of some large scale,
The free Lagrangian reads
Here,
, and a summation over a from 1 to 3 is implied. The interaction terms with dimensionless coupling constants involve either three or four vector fields. The interaction Lagrangian with three vector fields is of the form [27]
where g abc (a, b, c = 1, 2, 3) are coupling constants. We use charge conservation and hermiticity to restrict the coupling constants g abc . Hermiticity requires that all of these couplings are real. The invariance of the Lagrangian of Eq. (4) under a global U(1) transformation with an infinitesimal parameter ε,
Using Eq. (6) we express the couplings in terms of seven real parameters,
All other constants vanish. Note that at this stage we did not demand invariance under a charge-conjugation transformation (C), V a µ → (−) a V a µ , which would, in addition, eliminate all constants with a + b + c odd, namely g 1 , g 2 , g 4 , and g 6 .
The interaction Lagrangian involving four vector fields has the form
where h abcd (a, b, c, d = 1, 2, 3) are real coupling constants satisfying the permutation symmetries
Invariance under the U(1) transformation leads to
Combining Eqs. (9) and (10) allows us to write the couplings g abcd in terms of five real parameters,
All other coupling constants vanish. In this case, charge conservation also implies charge conjugation invariance, i.e., a + b + c + d even.
III. THE HAMILTONIAN METHOD
To quantize the above theory of massive vector fields we use the canonical formalism following Ref. [28] . The momenta conjugated to the fields V a 0 and V a i are defined as
Note that we will not use a fully covariant notation in deriving the Hamiltonian. The velocitiesV a 0 cannot be solved from Eq. (12), i.e. the corresponding momenta π a 0 need to satisfy the primary constraints
Here, φ a 1 ≈ 0 denotes a weak equation in Dirac's sense, namely that one must not use one of these constraints before working out a Poisson bracket [29] . On the other hand, from Eq. (13) we solveV
Next we construct the so-called total Hamiltonian density:
where
In Eq. (16) z a are arbitrary functions which have to be determined. The primary constraints have to be conserved in time. Therefore, for each a, we calculate the Poisson bracket of φ a 1 with the Hamiltonian
and obtain
Using Eq. (7), defining γ 1 = g 5 + g 7 and γ 2 = g 4 + g 6 − 2g 2 , the matrix A is given by
Since the determinant of A vanishes, the three expressions on the left-hand side of the equations
are not independent. As a result, the system of equations (21) can be satisfied only if the right-hand sides satisfy the secondary constraint 
Finally, z 2 can be solved from the time conservation of the constraint of Eq. (22), {φ 2 , H 1 } ≈ 0. However, this chain leads to the wrong number of constraints of the second class [30] for our system of three massive vector fields, namely 3 + 1 = 4 rather than 3 + 3 = 6 constraints. In other words, for a self-consistent theory we have to require
In this case none of the z b can be solved from Eq. (19) and
are the secondary constraints. They also have to be conserved in time, i.e. their Poisson brackets with the Hamiltonian have to vanish. To obtain the right number of degrees of freedom for massive vector bosons, the z a have to be solvable from this condition. In such a case no more constraints occur and the Lagrangian describes the system with constraints of the second class.
Taking Eq. (24) into account, we obtain a system of three linear equations for the z a ,
The 3 × 3 matrix M is given by
and the Y a are some functions of the fields and conjugated momenta, the particular form of which plays no role in the following discussion. If the determinant of M vanishes for any values of the fields, then the z a cannot generally be determined and additional constraints have to be imposed [28] . However, then one generates the wrong number of degrees of freedom. This problem, in its various appearances, is known as the Johnson-Sudarshan [31] and the Velo-Zwanziger [32] problem. To obtain a self-consistent field theory we have to demand that detM does not vanish for any values of the fields. We refrain from displaying the lengthy expression of the determinant for arbitrary fields. In the appendix we provide the analysis leading to the following conditions for the coupling constants:
2 ,
Note that Eqs. (7) together with Eqs. (24) and (28) imply
i.e. the three-vector vertex couplings are antisymmetric in the first two indices.
IV. QUANTIZATION
In the following, we assume that the coupling constants are related to each other in such a way that det M does not vanish and proceed with the quantization. Note that, for small values of the fields and their derivatives, the z a can be solved from Eq. (26) as a perturbative expansion in the coupling constants. According to a general theorem for systems with second-class constraints [28] there always exists a canonical set of dynamical variables (fields and conjugated momentum fields) with the following properties: the set of variables may be divided into two subsets {ω} and {Ω}, each consisting of canonically conjugate pairs such that (a) the constraints only appear among conjugate pairs of {Ω} and (b) the original and the new set of constraints are equivalent. The ω are dynamical variables and the dynamics is described by the physical Hamiltonian
As soon as the dynamical canonical variables and the Hamiltonian have been identified, the quantization can be performed using the path integral method. Let ω 1 and ω 2 denote the canonical fields and the respective conjugate momentum fields, both belonging to the set {ω}. The generating functional reads
By introducing a product of functional delta functions, δ(Ω), involving the constraints in terms of the set {Ω}, Eq. (31) is expressed as
where J = (J ω , J Ω ), in addition, generates a coupling to the variables Ω 1 and Ω 2 of {Ω}. Now we switch to the original variables. The functional δ function in Eq. (32) can be written as
where φ denotes the original system of constraints and
is, in our specific case, the 6 × 6 matrix of the Poisson brackets of constraints [see Eqs. (14) and (25) 
where the 3 × 3 matrix M is given by Eq. (27) supplemented with the relations among coupling constants obtained above. As (ω, Ω) are canonical variables, the Jacobian corresponding to a change of variables to the original ones, is equal to one. Also the action is a canonically invariant quantity,
In the following, {J aµ } will symbolically denote the set of external sources coupling to the vector fields of the original Lagrangian. After the change of variables, we trade the generating functional of Eq. (32) for a generating functional containing {J aµ } only,
Next we write δ(φ 2 ) and [det{φ, φ}] 1/2 as functional integrals
where the ghost Lagrangian reads
By substituting Eqs. (38) with (39) in Eq. (37) and shifting the integration variable
Integrating over π a µ we obtain for the generating functional
and the Lagrangian L A is given by Eqs. (2), (3), (4), and (8).
V. PERTURBATIVE RENORMALIZABILITY
Before turning to the relations which originate from demanding perturbative renormalizability, let us recall the constraints which have been obtained so far from the analysis of the determinant of M and the corresponding symmetry input. Table I contains a summary of the number of parameters of the unconstrained Lagrangian together with the number of independent parameters after the constraint analysis. Equations (28) already put severe restrictions on the coupling constants of the Lagrangian. For example, if, in addition, we demand an invariance under global SU(2) isospin transformations, then the Lagrangian of Eq. (2) contains only four real constants, namely, one mass parameter M, one three-vectorinteraction coupling constant g, and two four-vector-interaction coupling constants h 1 and h 2 :
(44) Also note that enforcing isospin symmetry in the present case entails charge-conjugation invariance. Applying the above constraint analysis results in the two inequalities
We will now show that further relations among the coupling constants result by demanding that the ultraviolet divergences of the loop diagrams can be absorbed in the redefinition of masses, coupling constants, and fields of the most general effective Lagrangian containing all terms consistent with the assumed underlying symmetries. In particular, starting from the classical theory with a U(1) symmetry only, we will be led to infer the SU(2) symmetry of the quantized theory from perturbative renormalizability, instead of using it as an input to the analysis. Moreover, the inequalities of Eqs. (45) will be replaced h 1 = −h 2 = g 2 /4. In other words, we will obtain the standard Yang-Mills Lagrangian plus an additional mass term. Let us discuss the logarithmic divergences. Although dimensional regularization ignores the power-law divergences, it keeps track of all logarithmic divergences. Because the fields λ a , c a , andc a do not have kinetic parts in Eq. (43), their contributions to perturbative calculations vanish in dimensional regularization.
We start with the logarithmically divergent parts of the vertex functions involving neutral fields only. As g 333 = g 1 = 0 [see Eqs. (28)], we require that the divergent part of the
vertex function vanishes (see Fig. 1 ). This leads to
For the Fig. 2 ), the same reasoning results in 
The unique solution to Eqs. (46) and (47) reads
Note that one of the two inequalities of Eqs. (28) is thereby replaced in terms of an equality. Next, we demand that the divergent part of the one-loop contribution to the
vertex function can be absorbed in the renormalization of the corresponding tree-order vertex. From this requirement we obtain 
The final generating functional of the Green's functions has the form
and results in "naive" Feynman rules. The remarkable result is that we have ultimately been led to the standard SU(2) Yang-Mills Lagrangian with an additional mass term.
VI. CONCLUSIONS
In this work we have considered the interaction terms with dimensionless coupling constants of the most general parity-conserving and Lorentz-invariant effective-field-theory Lagrangian of self-interacting massive charged and neutral vector fields. We have analyzed the quantization procedure of this system with second-class constraints using the canonical formalism. By demanding that the quantized theory is self-consistent in the sense of constraints and perturbative renormalizability we obtained relations among the 12 originally available coupling constants [U(1) symmetry], resulting in a substantial reduction in the number of independent couplings. In practice quantum theories are usually obtained by quantizing classical theories. However, it is understood that the natural logic is exactly the other way around, i.e. classical theories should be obtained as limits of quantum theories. Following this logic, only those classical theories could be treated as self-consistent, which are obtained from self-consistent quantum theories. To be specific, in the present case the considered model reduces to a charge-conjugation-invariant SU(2) Yang-Mills vector field theory with an additional mass term. This suggests that the massive Yang-Mills effective Lagrangian is the most general one and therefore could be used in phenomenological applications.
ourselves to particular field configurations, the analysis is greatly simplified without spoiling the general argument, because det M should be non-vanishing for arbitrary values of the fields. The entries of the matrix M are defined in Eq. (27). Note that, in some cases, at a given step we explicitly make use of constraints which have been obtained in a previous step.
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